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Abstract 

As is well known, a metric on a manifold determines a unique sym- 
metric connection for which the metric is parallel: the Levi-Civita con- 
nection. In this paper we investigate the inverse problem: to what 
extent is the metric of a Riemannian manifold determined by its Levi- 
Civita connection? It is shown that for a generic Levi-Civita connection 
of a metric h there exists a set of positive semi-definite tensor fields ha 
such that the parallel metrics are the positive-definite linear combi- 
nations of the ha- Moreover, the set of all parallel metrics may be 
constructed by a soley algebraic procedure. 







1 Introduction 



One of the fundamental principles of differential geometry is that a Rie- 
mannian manifold (M, h) uniquely determines a connection: the Levi-Civita 
connection of the metric. This paper examines how much information on the 
metric h is retained by the associated Levi-Civita connection. Specifically, 
we inquire to what extent the metric of a Riemannian manifold is deter- 
mined by the Levi-Civita connection and seek a method for constructing the 
general form of a parallel metric on the manifold. 

We begin, in the following section, by introducing a genericity condition 
on the set of connections, defined in terms of the Riemann curvature tensor. 
This shall enable us to investigate the structure of the space of local parallel 
metrics; that is, metrics defined on an open set of the manifold, which are 
parallel with respect to the given Levi-Civita connection V. This, in turn, 
shall lead to a decomposition of the tangent space of the manifold into a 
direct sum of orthogonal subbundles. The original metric h, restricted to 
the subbundles of the decomposition, defines a set of positive semi-definite 
tensor fields ha- It is proved that a metric is parallel with respect to V if and 
only if it is a positive-definite linear combination of the ha- Furthermore, 
the complete set of parallel metrics may be obtained by a purely algebraic 
procedure; integration of differential equations is not required. Lastly, we 
provide an example that illustrates the method described herein. 

In [1], it is determined when an arbitrary analytic symmetric connection 
is a Levi-Civita connection for some metric. The problem of finding the 
metric from the Ricci curvature has been studied by DeTurk [2] , [3] , [4] and 
[5], and from the curvature in general relativity by Hall [6] and Hall and 
Mcintosh [7]. 
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2 Parallel metrics for generic Levi-Civita connec- 
tions 

In what follows, M shall denote a connected manifold of dimension n. This is 
not essential but it shall lead to concepts that are more familiar. Moreover, 
the scope of the paper is not thereby limited since the results below may be 
applied to the separate components of a general manifold. 

It will also be convenient to represent a metric in terms of contravariant 
indices: <, >= g = J2ij=i g^-' Xi (g) Xj where {Xi, is a local frame. 

This shall be the convention throughout. 

Define a connection V on M to be generic at a point m € M if there 
exist tangent vectors ^1,^2 £ T^M such that the linear transformation 

has n distinct (complex) eigenvalues, where R denotes the Ricmann cur- 
vature tensor of V. A connection is generic if it is generic at every point 
m E M. Henceforth V shall denote a generic symmetric connection on M 
with parallel metric h. 

Consider a connected open set U of M for which there exist vector fields 
^1,^2 on U such that 

R{^i{u),Uu)):TuM^T^M 

has n distinct eigenvalues = \i{u), for each u e U, and an associated 
frame of (complex) eigenvector fields {Zi, Z^) defined on U: 

R{Cl,(2){Zi)=\iZi 

Let U denote the set of all such connected open sets of M. Since V is 
generic, t( is an open covering of M. If V £ U then any connected open 
subset W C V is also in U. 
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Lemma 1 

(i) The frame of eigenvector fields [Zi, Z^) of R{^i,^2), after a possible 
reordering, has the form 

Xi + iX2,Xi — iX2, X2m-1 + i^2rm^2m-l — i^2mi {^n) 

where the X^ are vector fields on U and X„, the eigenvector field correspond- 
ing to the zero eigenvalue, is included if n is odd. Furthermore, 
(a) Xi, X2m, (Xn) is an orthogonal frame on U for any metric g on 
U , parallel with respect to V. That is, g is expressible in the form g = 
^2^=1 9i^i ® for some functions gi : U ^ 3ft+. 

Proof: 

(i) Since V is the Levi-Civita connection of the metric h, there exists an 
orthonormal basis of r„M at each u eU, with respect to which ^2) is 
represented as a skew-symmetric matrix. Hence the eigenvalues A, = Xi{u) 
are purely imaginary with associated eigenvector fields Z2k-i = X2k-i+iX2k 
for X2k-i and Z2k = ^2fc-i = ^2fc-i - «^2fc for X2k = -A2fc-i, 1 < fc < m, 
except for A„ = when n is odd, with associated eigenvector field Zn = Xn. 

(ii) Let g = J27,j=i 9^'' ^i^^j be a metric parallel on U\ thus '^2)(fl') = 0. 
The explicit form of g gives 

n 

= 9'\R{^ui2){Zi) ® Zj + Zi® 6)(^i)) 

n 

= Yl (-^i ® Zj + Zi(^ Xj Zj ) 

n 

Therefore g^^{Xi + Xj) = for all I < i,j < n. The eigenvalues Xi are distinct, 
by hypothesis, and A2fe = — A2A;-i, 1 < k < m, except for A„ = when n is 
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odd. Hence g'^ = 0, unless = {2k - 1,2k) or = {2k, 2k - 1) for 
some k e {1, ...,m}, ov i = j = n when n is odd. It follows that g^^ is block 
diagonal with 2x2 blocks down the main diagonal and with a single 1x1 
block for odd n. In the {Xi, ...,X„) frame the fc*'* 2x2 block has the form 

2k 

J2 g'^Zi^Zj = g'"'-^'^''Z2k-i^Z2k+g'"''^''-^Z2k^Z2k-i 

i,j=2k-l 

= g'"'-^'^HX2k^i + iX2k) ^ {X2k-i - iX2k) + 

52fe>2fc-l(X2fe_i - iX2k) ® {X2k-1 + iX2k) 
= 92k-lX2k-l <^ X2k-1 + g2kX2k ® -^2ifc 

where g2k-i = 92k ■= g'^^~^''^^ + ^2A;,2A;-i Defining g^ := 5"" for odd n, 

n 

f = m 9iXi ® Xi 

i=l 

q.e.d. 

Let = 9j denote the connection form of V in the {Xi, X„) frame: 

n 

vXj = Y,Xi®ei 

The following lemma indicates the amount of variation allowed among par- 
allel metrics. 

Lemma 2 Let <, >^= J2i=i 9iXi (8) Xi and <, >^= J2i=i hXi ® Xi he two 
arbitrary metrics on U, parallel with respect to V . Then there exist constants 
Ci G ^f?"*" such that gi = Ciki, for alll < i < n. 

Proof: 

Since <, >^ is parallel, 

n 

= V{Y,g^Xi^Xi) 

i=l 

n 

= J2 Xi<^Xj<^ {Sijdgi + gjO'j + giOi) 
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When i = j this gives, 61 = — \dloggi. Similarly, 0\ = —^dlogki. Therefore 

dloggi = dlogki 

and since U is connected, gi = Ciki for some Cj G K"*". 
q.e.d. 

Next, wc shall seek to make this observation stronger. In light of Lemma 
1, the metric h can be written locally as 

n 

h\u = ^PiXi (g) Xi 

i=l 

for some functions pi : U ^ Define the orthonormal basis of local 

vector fields (Yi,...,y„) by Yi := ^fplXi, for 1 < i < n. Then h\u = 
Yi ® Yi + ■ ■ ■ + Yn (S) Yn- Let u = Uj denote the connection form of V 
with respect to the frame (Fi, 1^): 

n 

vYj = Y,yi^^i 

i=l 

Lemma 3 Consider g = J22=i ® inhere ci G 3fi. Vg = if and only 
if {ci — Cj)ujj{u) = for all u E U and 1 < i,j < n. 

Proof: 

Taking the covariant derivative of g gives, 

n n 

= V CiYi ® = 1^ >i ® yj ® (ciwj + Ciui) 

1=1 i,j=l 

Therefore Vg = if and only if Cjujj + Ciujf = for all 1 < i,j < n. Since 
ojj = —ojj, this holds if and only if (q — Cj)u!j = for all 1 < i,j < n. 
q.e.d. 
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Define r{U) to be the equivalence relation on {1, ...,n} generated by 
the relations \ i^jiu) 7^ for some u G U}. Thus ir{U)j for i ^ j 

if and only if there exists a sequence i = ii,...,ik = j in {!,..., n} and 
Ui^, ...,Ui^_^ G U such that ^^^^^{u^) 7^ for all 1 < Z < A; — 1. r{U) 
partitions {!,..., n} into f3{U) disjoint subsets P\{U), ...,Pfj(jj){U). 

Define tensor fields hi{U) on U by 

hi{U):= Yl Yj^Yj^ 
for 1 < z < /?([/). Note that 

h\u = Yl hiiU) 

i=l 

Lemma 4 // 

1=1 

for constants G 3? then g is parallel with respect to V. 
Proof: 

Suppose that g = J2?=i CiYi^Yi = Ylk—i '^khkiU) for constants Cj, G If 
ir{U)j then i and j belong to the same equivalence class Pk{U), say. Hence 
Cj = Cj = aj.. On the other hand, if i and j are not r(C/)-related then 
oj^j{u) = for all u £ U. In either case, (cj — Cj)LOj{u) = for all u E U. 
Therefore by Lemma 3, g is parallel with respect to V. 
q.e.d. 

Lemma 5 If g is a metric on U parallel with respect to V then 

9 = Y "i^i(^) 
i=l 

for some constants ai G 3?"^. 
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Proof: 



Let 5 be a metric on U parallel with respect to V. By Lemma 1, g may be 
written g = Yh=i 9i-^i -^i some functions gi -.U ^ '^'^ . Then Lemma 
2 and the fact that h\u = Yl^=i Pi^i ® imply that g is of the form 



for some constants q G By Lemma 3, (q — Cj)ujj{u) = for all u E U 
and 1 < i,j < n. Hence Cj = Cj whenever ir{U)j. This means that g may 
be expressed as g = Y^^=i CLihi{U) for constants G 



Up to this point we have explored the structure of the set of parallel 
metrics on a single open set. We shall now investigate how these structures 
relate to each other on intersecting sets. The definition of hi{U) described 
above depends upon (1) the choice of vector fields and ^2 on U enforcing 
the genericity condition, (2) the ordering of the associated orthonormal frame 
(Yi,...,Y^), and (3) the ordering of the blocks, Pi(J7), Pg([/) (C/), of the 
associated partition. For each [/ in ZV we shall require that such choices have 
been made and define the tensor fields hi{U), 1 <i < f5{U), accordingly. 

Lemma 6 Let W C. U be sets inU. Then there exist constants Cig E ^ such 



n n 



5 = X! '^iP'i^i ® Xi = ^ aYi (g) Yi 



q.e.d. 



that 



forl<i< (3{U). 



Proof: 



By Lemma 5 



i=i 



q=l 
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for some Qq G By Lemmas 4 and 5, 

/?([/) f3{W) 

hi{U)\w + E hj{U)\w = E biqhq{W) 

3=1 q=l 

for some big G Subtracting gives 

f3{W) 

hi{U)\w = E (^MW) 

q=l 

where Cjo := bia — ag E 3?. 



Let Qi{U) be the subbundle of T?/ spanned by the vector fields {Yj : 
j G Pi{U)}, for each i e 1, ...,I3{U). We then have a decomposition of the 
tangent space TU = Qi{U) © • • • © Qp{u){U)- Denote the dual subbundles 
by Q*{U). Then T*U = Ql{U) ® ■ ■ ■ ® Q*p(^u)^U). Observe that hi{U) is 
a section of Qi{U) (8) Qi{U), defining a positive semi-definite bilinear form 
hi{U) : T*U X T*U K for each ueU. Set 

hi{U)^ := U {'^ e : hi{U){a, r) =0, Vr G T^C/} 

Then 

Lemma 7 Xei W C. U be sets in U. Then there exists a partition 

T{i),...,r{p{u)) 

of the set of integers {1, ...,P{W)} such that 

Qimw = Qq{w) 

qeT{{) 



8 



and 

hi{U)\w= Yl 

forl<i< /3{U). 
Proof: 

By Lemma 6, there exist constants Ciq G 3? such that 

I3{W) 

hi{U)\w = E ^MW) 

q=l 

for 1 < z < /?([/). Define subsets and r{i) of {1, ...,P{W)} by 

7(i) := : Ciq / 0} 

and 

r(i) := {l,...,PiW)}-\Jj{j) 
= U ■ Cjq = 0, Vj 7^ z} 

for 1 < i < /?([/). Now, 



Hence, 



Qm\w = n 

jy^i q=l 

= n ( E ^.w)^ 

= (10 

= 

9er(i) 



(3{W) _ I3{U) _ I3{U) 

Q*{W) =T*W=^ Qmiw =00 Q*qiW) 

9=1 1=1 i=l gGr(i) 
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It follows that r(l), ...,r{P{U)) is a partition of {1, ...,(3{W)} and 



for 1 < z < P{U). 
Furthermore, 



I3{W) 

hi{U)\w = E ^iiKiW) 

q=l 

= E E '^^qhq{W) 

= E ciMW) 

since Cjg = for g G r(_7) when j 7^ i. Consequently, 

E hq{w) = h\w = Y. Hu)\w = E E '^iqhqm 

9=1 j=l i=l gGr(i) 

Therefore Ciq = 1 for all q ^T{i) and so 

^i(f^)k= E 

«er(i) 



q.e.d. 



We now turn to the problem of how to piece together these local parallel 
metrics into a global one. This is done by means of an appropriately defined 
equivalence relation. Let U be any subset of lA that covers M and has the 
property that the intersection of pairs of sets in U is connected. For instance, 
we can choose W to be a good refinement of U. Let I := {(z, U) : U eU and 
1 < ^ < define ~ to be the equivalence relation on / generated 

by the relations 

{i,U) r-. {j,V) if UnV^m and QiiU) D Qj{V) 
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where "0" means the zero distribution on U HV. These relations are re- 
quired in order to join the Qi distributions together in a smooth way. The 
equivalence partitions / into A blocks denoted Ii,...,Ia- 

Lemma 8 For each a € {1, .■.,A} and U & U the set {i : {i,U) € la} is 
non-empty. 

Proof: 

Let C{U) denote the subset of U consisting of all sets U' for which there 
exists a sequence of sets U' = Ui,U2, ■.■,Uk = U inU such that Ui n C/;+i / 
for all 1 </< A; - 1. We claim that C{U)=U. First observe that if F € 
and y n [/' / for some U' G C{U) then V £ C{U) also. Let S denote the 
union of the sets in C{U). Suppose that S is not equal to M. Since M is 
connected the boundary 55*, of S is non-empty. U covers M, so there exists 
an open set V ^li such that V H dS ^ 0. This means that y H S* 7^ and 
n S"" / 0, where S"" denotes the compliment of S in M. Hence F n C/' / 
for some U' G C{U) and V ^ C{U), which is a contradiction. Therefore 
S = M. Let e U. Then n t/' ^ for some U' G C{U) and so 
W G C{U). This demonstrates the claim. 

Let {ii,Ui) be any representative of /„. We have shown that there exists 
a sequence of sets U2, ■■■,Uk = U inU such that Ui PI Ui^i 7^ for all 1 < Z < 
k—1. For each I G {1, k—1} andp G {1, ...,/?([/;)} there exists at least one 
q G {1, P{Ui+i)} such that Qp{Ui) D Qq{Ui+i) ^ 0. Therefore we can find 
a sequence i2,---,ik such that {ii,Ui) ~ {12, U2) ~ ••• ~ {ik,Uk) = {ik,U). 
Hence ik E {i ■ {i, U) G la}- 
q.e.d. 

By Lemma 8, we may define a non-trivial distribution Qa{U) on U by 
QaiU):= Q:,{U)= span{Yj : j e Pi{U)} 

{i:{i,U)£la} {i:{i,U)£la} 
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for all a G {1,...,^} and U e U. Define the distributions Qa on M by 
specifying their restriction on each [/ G W to be 



Qa\u ■■= Qa{U) 

Lemma 9 The Qa are well-defined. 
Proof: 

Let V be another set in U having non-zero intersection with U. We must 
show that on the intersection, Qa{U)\ur\V = Qa{y)\ur\V- By Lemma 7, the 
set {1, ...,(5{U n V)} partitions into Tu{l), ...,ru{f5{U)) in such a way that 

Qi{U)\unv= Qqiunv) 
{1, ...,I3{U n V)} also partitions into ry(l), Fy in such a way that 

Qj{V)\unv= Qgiunv) 

Observe that if Tu{i) n Tyij) ^ then Qi{U)\unv n Qj{V)\unv 7^ and so 
{i,U)^ij,V). Hence, 

Qa{U)\unv ■■= Qi{U)\unv 

{i:{i,U)eIa} 

Qqiunv) 

{i:{i,U)eIa} qeTuii) 

^ E EE Qqiur^v) 

^ E EE Qqiunv) 

{i:ii,U)€la} {j:{i,U)^U,V)} geVvU) 

Qqiunv) 

Qj(.V)\unv 

{i:(i,v)e^a} 

:= Qa{V)\unv 
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Similarly, Qa{y)\unv ^ Qa{U)\unv and so the two distributions are equal 

onunv. 

q.e.d. 

The tangent space has the direct sum decomposition into subbundles: 

TM = Qi e • • • e 

Denote the dual subbundles by Q* and the fibre of over m G M by 
(5*(m). Then the cotangent space at m has the decomposition: 

T:^M = Ql{m)®---eQ\{m) 

^ is a section of TM (g) TM and therefore determines a bilinear map 
h{m) : T^M x T^M 3fi for each m e M. Define positive semi-definite 
metrics on M for 1 < a < A by 

^a("1')lQ*(m)xQ*(m) '= ^ab^achi''T^)\Ql{m)xQ*{m) 

for each m G M. On U &U, 

ha\u = X] hk{U) 

{k:{k,U)eIa} 

Therefore h = Y,a=i ^a- 

We may now describe the parallel metrics of V on M. 

Theorem 10 ^ is a parallel metric on M if and only if it can he written as 
9 = Ea=i Caha for some Ca G 3?+. 

Proof: 

By Lemma 4 and the fact that ha\u = J2{k:{k,U)eia} ^k{U), = for 
all 1 < a < A. Therefore any g = J2a=i ^aha-, where Ca G K"*", is a parallel 
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metric on M. 



=^ Suppose that g is a parallel metric on M. Let U and V be two sets 
in U with non-empty intersection. By Lemma 7, the set {1,...,I3{U D V)} 
partitions into ...,ru{/3{U)) in such a way that 

Qi{U)\unv= Qq{unv) 
qeTuii) 

and 

hi{U)\unv= E hqiUnV) 

qeruii) 

{1, ...,(3{U n V)} also partitions into Tv{l), ...,Tv{P{V)) in such a way that 

Qj{V)\unv= Qqiunv) 

and 

hj{V)\unv= E hqiUnV) 
qe^vU) 

Suppose that Qi{U) n Qj{V) ^ for some i and j. Then there exists an 
element p G Tu{i) fl ry(j). 

For any W eU, Lemma 5 defines positive constants Cf;{W) by 

9\w = E 
fc=i 

Therefore onU DV, g may be expressed as 

fSiU) p{U) 

9\unv = E Ck{U)hk{U)\unv = E ^fc(^) E ^(^ ^ ^) 

fe=l k=l qeru(k) 

Similarly, 

9\unv = E ci{V)hi{V)\unv = E ^K^) E ^^(f^ ^ V) 

1=1 1=1 qe^vil) 
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The coefficient of hp{UnV) is Ci{U) = Cj{V). Therefore 
Qi{U) n QjiV) ^O^Ci{U) = cj{V) 
Prom the definition of the equivalence ~ it follows that 

{i,Ui)r^{j,U2)^Ci{Ui)=Cj{U2) 

This allows us to define the positive constants Ca ■= Ck{U), where {k,U) is 
any representative of /„, for 1 < a < A. 
Thus, 

m) 

9\u = Y.^k{U)hk{U) 

k=l 
A 

= E E ck{u)hk{u) 

a=l {k:(k,U)eIa} 
A 

= E E hkiU) 

a=l {k:{k,U)eIa} 
A 

= '^Cahalu 

a=l 

It follows that g = J2a=l ^aha- 
q.e.d. 

Corollary 11 The manifold of parallel metrics on M has dimension A. 

Given the Riemannian manifold (M, h) with generic Levi-Civita connec- 
tion V, the determination of the ha is an algebraic construction. Therefore 
Theorem 10 enables one to obtain all parallel metrics of V by purely alge- 
braic means; integration of differential equations is unnecessary. 

Let us summarize the steps in the procedure. 
1. Find an open cover U Q14 of M having the property that the intersection 
of pairs of sets in U is connected. 
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For each U eU, follow steps 2-5: 

2. Find a frame of eigenvector fields {Zi, Z„) on U for R{^i,^2)- 

3. Obtain the associated frame of orthogonal vector fields {Xi, 

4. Define the orthonormal frame (Yl, ...,Yn). 

5. Obtain the decomposition TU = Qi{U) ® ■ ■ ■ ® Q/3(u)iU)- 

6. Construct the subbundles Qa- 

7. Define the tensor fields ha and apply the theorem. 



Example Consider the Riemannian manifold (M, h) where M := 5?'^ and 
h := dx'^ + e^^dy'^ + dn^ + e^"dw^, which in contravariant form is ^ iX" ^ + 
e"^"^ ^ O ^ + 1^ 1^ + I; (g> ^ . (M, /i) is a Cartesian product of two iso- 
morphic irreducible Riemannian manifolds and therefore it is expected that 
the general parallel metric would be a positive-definite linear combination 
of the pullbacks onto M of the component metrics, ^ ® ^ + '5^® ^ 

The Christoffel symbols for the Levi-Civita connection V of /i are 

-pa; _ _p2x 

yy ^ 
vy =ry = i 

^ xy '- yx 



^ vv ^ 



^2u 

'pv _ 'pv _ 1 

1IH nil 



and all others zero. Define a good cover U := {U,U'} of M by 

U := {{x,y,u,v) G 3?^ : x > 

U' := {{x,y,u,v) e^"^ : X < u + log2} 

On U let Ci •= ^ + ^ ^iid ^ + The Riemann curvature with 
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respect to the frame ^, Jj, ^) on ?7 is 














1 




























1 






The eigenvalues are A = —ie^,ie^,—ie^ and ie^, which are distinct on U. 
Corresponding eigenvector fields on U are 



x_d_ I j_d_ 



Zi 

which defines 



Zo = e 



dx dy ' 



Z3 = e^£+i 



dv-> 



du dv 





— pX d 


U 


X2 


._ d_ 

dy 


u 


X3 


— pU d 
■~ ^ du 


u 


X4 


._ d_ 

dv 


u 



The orthonormal frame (Yi, ...,14) is then given by 





d_ 

dx 


U 


Y2 


— p-x d 

— ^ dy 


u 




■= A. 

du 


u 


Yi 


— p-u d 
■~ ^ dv 


u 



The curvature form u = with respect to (Yi,...,l4) satisfies uJi{Y2) = 
u^{Y4) = 1. Therefore 2r{U)l and 4r{U)3. Furthermore, uj = for z e 
{1,2} and j G {3,4}. Thus there are exactly two equivalence classes for the 
equivalence relation r{U): 



Pi(C/) = {l,2} 



and 



P2(C/) = {3,4} 
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This gives, 

Qi{u) 
Q2{U) 

hi{U) 
h2{U) 



span{Yi,Y2} 

Yi®Yi + Y2(^ Y2 
yg yg + n ® Yi 
d 1 o a 



(tt- ® # + e-2''|- 

^ ox ox av 



dx 

'A. 

••du 



dx 

A. 
du 



+ e 



dy 

-2ud_ 
dv 



On U' let := ^ + 2^ and ^2 - 



^ + The Riemann curvature 



with respect to the frame ^, ^, ^) on [/' is 














1 
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The eigenvalues are A' = 
Corresponding eigenvector fields on U' are 



ie^, ie^, — 2ze" and 2ze", which are distinct on U'. 



7I — A. _L iA. 7I — A. nA. 7' — pUA. _L iA. 71 — pUA. ^A. 



which defines 



X'2 



Q I 

9 I 



The orthonormal frame (Y/, ...,14') is then given by 



^2' 
Y' 



a I 

9 I 



Continuing the analysis as above gives 
Pi ([/') = {1,2} and 



P2{U')={3,4} 



18 



Q2{U') = span{l,-§^}\u' 

Next we consider the equivalence relation ~. Restricted to U DU', 

Qi{U)\unU' = Qi{U')\unU' 
Q2(U)\ijnu' = Q2iU')\unU' 

Qi{u)nQ2{u') = 
Q2{u)nQi{u') = 

Therefore (1, U) ~ (1, U'), (2, U) ~ (2, U') and there are no other non-trivial 
relations. This gives 



h 


= {(1, [/),(!,[/')} 




h 


= {(2,C/),(2,C/')} 




Qi 






Q2 






hi 




d_ 

dy 


h2 




d_ 

dv 



By Theorem 10, is a parallel metric with respect to V if and only if 
g = cihi + C2/i2 for some constants ci,C2 G 3^"*"; the anticipated result. 
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